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Biomolecular hypergraph representation

The key idea is to describe atom interaction relations as hyperedges.
Take the protein-ligand interactions as an example. We denote the set of
protein atoms, the set of ligand atoms, the hypergraph and the vertex set
of the hypergraph as VP = {vi ; i = 1, 2, ..., Np}, VL = {vj ; j = 1, 2, ..., Nl},
H and VH respectively.

1 For the vertex set, we take VH = VL ∪ VP
2 For the hyperedge set, we define an n-hyperedge in H as

σn =
{

{v0, v1, ..., vn}; ∃i , j , vi ∈ VP , vj ∈ VL, n > 0
{v0}; v0 ∈ VH, n = 0.

(1)

For simplicity, we denote the hypergraph (H, VH) as H.
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Example

Remark: for each n-hyperedge(n>0), there must be two vertices come
from different molecules.

Figure: C-C pair of PDBID 3P2E with cutoff 5
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Hypergraph filtration
The key point of all the persistent models is the filtration process. Here we assign
nondecreasing filtration values for all the hyperedges, then the hypergraph
together with these filtration values will naturally form a filtration process.
For the protein-ligand interactions, we use two steps to build the filtration.

1 we define interactive distance between two atoms vi and vj as

d(vi , vj) =
{

∥vi −vj ∥, if vi ∈VP ,vj ∈VL or vi ∈VL,vj ∈VP

g(vi ,vj ), otherwise.
(2)

2 using the idea of Rips complex, the filtration value for a hyperdege
σn = {v0, v1, ..., vn} is defined as,

f (σn) =
{

max0≤i<j≤n d(vi , vj), n > 0
0, n = 0.

(3)

Remark: different g(vi , vj) can result in different filtration processes. I will give
more explanation later. Here, we use this formular

g(vi , vj) =
{

maxvk ∈VP ,{vi ,vj ,vk }∈H2{d(vi , vk), d(vj , vk)}, if vi ,vj ∈VL

maxvk ∈VL,{vi ,vj ,vk }∈H2{d(vi , vk), d(vj , vk)}, if vi ,vj ∈VP
(4)
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Example

Figure: Hypergraph filtration for C-C pair of PDBID 3P2E
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(Co)homology of the hypegraph

Given a hypergraph H, its associated simplicial complex KH is defined in
1991. In 2016, a more general definition — the embedded homology is
proposed.
Here, we consider the embedded homology and corresponding persistent
homology, for our hypergraph models.
Further, to incorporate the information that persistent homology cannot
capture, we propose the hypergraph based persistent cohomology(HPC)
and hypergraph based weighted persistent cohomology(HWPC).

Xiang Liu (NKU) 2020-12-03 21 / 34



Embedded homology of hypergraph

Definition (infimum chain complex)
Given a hypergraph H, the infimum chain complex of H with coefficient R is defined as

Infn(H, R) =
∑

{Cn| C⋆ is a subchain complex of R((KH)⋆) and Cn ⊂ R(Hn)}

which is the largest subchain complex of the chain complex of KH that is contained in the
graded modules R(H⋆)

Definition (supremum chain complex)
Given a hypergraph H, the supremum chain complex of H with coefficient R is defined as

Supn(H, R) =
∩

{Cn| C⋆ is a subchain complex of R((KH)⋆) and R(Hn) ⊂ Cn}

which is the smallest subchain complex of the chain complex of KH that contains R(H⋆) as a
graded modules.

Xiang Liu (NKU) 2020-12-03 22 / 34



Proposition
Given a hypergraph H, the infimum chain complex of H with coefficient R is given by

Infn(H, R) = R(Hn) ∩ ∂n
−1(R(Hn−1))

Proposition
Given a hypergraph H, the supremum chain complex of H with coefficient R is given by

Supn(H, R) = R(Hn) + ∂n+1(R(Hn+1))

Proposition
Given a hypergraph H, the homology of the infimum chain complex of and supremum chain
complex of H with coefficient R are isomorphic.

Definition (Hypergraph embedded homology)
Given a hypergraph H, the n-th embedded homology of H with coefficient R is defined as

Hn(H, R) = Hn(Sup⋆(H, R)) = Hn(Inf⋆(H, R))
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Embedded cohomology of hypergraph

Definition (Infimum cochain complex)
Given a hypergraph H, we define the infimum cochain complex Inf ∗(H, G) with coefficient G as

Infn(H, G) = (Infn(H, R))∗ = Hom(Infn(H, R), G),

which the dual of Infn(H, R).

Definition (Supremum cochain complex)
Given a hypergraph H, we define the Supremum cochain complex Sup∗(H, G) with coefficient
G as

Supn(H, G) = (Supn(H, R))∗ = Hom(Supn(H, R), G),

which the dual of Supn(H, R).

Proposition
Given a hypergraph H, the cohomology of Sup⋆(H, G) and the cohomology of Inf ⋆(H, G) are
isomorphic.
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Definition (Hypergraph embedded cohomology)
Given a hypergraph H, we define the n-th embedded cohomology of H with coefficient G as

Hn(H, G) = Hn(Sup⋆(H, G)) = Hn(Inf⋆(H, G)).

From now on, the coefficient R and G are both Z2. So we have {vi , vj } = −{vi , vj } = {vj , vi },
which means that for any two n-hyperedges σn, σn′ (0 ⩽ n ⩽ m), if the vertices of σn and σn′

are same. Then, σn = σn′ .

Theorem
For an m-dimension hypergraph H, its embedded cohomology is the simplicial cohomology of
KH, if it satisfies the following two conditions.

1 For each vertex of H, it is a 0-hyperedge.
2 For each n-hyperedge σn = {v0, v1, ..., vn}(1 ⩽ n ⩽ m) of H, it has an associated (“face")

set {σ0
n−1, σ1

n−1, ..., σn
n−1} with σi

n−1(0 ⩽ i ⩽ n) = {v0, ..., vi−1, vi+1, ..., vn} generated
from σn by removing the vertex vi . It only allows at most one (“face") element (among
the n + 1 elements) from the set is not an (n − 1)-hyperedge of H.
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Hypergraph based persistent cohomology(HPC)
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Figure: Bipartite-graph VS hypergraph
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HWPC

Weighted persistent cohomology has been proposed to incorporate more structure, physical,
chemical and biological information into a unified representation, i.e., persistent cohomology
enriched barcode[?]. Different from all previous models, here we consider a new weight scheme,
derived from graph centrality, for persistent cohomology. More specifically, we define the weights
for a 0-hyperedge σ0 = {vi } as,

w(σ0) =


∑

vk ∈VL
e

− ∥vk −vi ∥2

η2 , vi ∈ VP∑
vk ∈VP

e
− ∥vk −vi ∥2

η2 , vi ∈ VL

(5)

and an 1-hyperedge σ1 = {vi , vj } as,

w(σ1) = e
−

∥vi −vj ∥2

η2 . (6)

The scale parameter η controls the influence range of the nodes. Smaller η values mean local
interactions and larger η values mean global interactions.
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HWPC

Further, we define the weight for a 0-cohomology generator δ0 as,

w(δ0) =

∑
σi

0∈H0
δ0(σi

0) ∗ w(σi
0)∑

σi
0∈H0

δ0(σi
0)

, (7)

and an 1-cohomology generator δ1 as,

w(δ1) =

∑
σi

1∈H1
δ1(σi

1) ∗ w(σi
1)∑

σi
1∈H1

δ1(σi
1)

. (8)

Note that Z2 is used in computation, and the term δ1(σi
1) is either 0 or 1. For persistent

cohomology enriched barcodes, each barcode represents a generator and is colored by the weight
values defined above.
Computationally, our persistent cohomology enriched barcodes are calculated based on the
associated simplicial complex. And the weights defined in Eqs. (5) and (6) are generalized to
any 0-simplex and 1-simplex, respectively. Note that distance between two atoms from the same
molecule is defined as Eq. (2). Similarly, weights for cohomology generators in Eqs. (7) and (8)
are also extended to associated simplicial complex counterpartners.
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HPC/HWPC base machine learning

Persistent barcodes from HPC and HWPC can be discretized into feature
vectors. We combine these feature vectors with gradient boosting tree to
build our HPC/HWPC-ML model.
For the discretization, we consider the binning approach. That is, The
total number of the barcodes (i.e., Betti numbers for HPC) or the sum of
the weight values of enriched barcodes (for HWPC) within each bin, is
used as molecular descriptors.
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Protein-ligand binding affinity prediction

A drug design process covers various steps, Among all the steps, one of
the key issue is to identify ligands (drug) that have higher binding affinity
with the target biomolecules. During the past few decades, a variety of
empirical, physics-based, knowledge-based, and machine-learning-based
models are proposed. The databank PDBbind (www.pdbbind.org.cn) is
established to systematically evaluate and compare their performance for
protein-ligand binding affinity prediction.
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Parameter setting

We use our HPC/HWPC-ML to make the protein-ligand binding affinity
prediction, the cutoff is 10.5Å, filtration region is [2.0Å,7.5Å] with bin size
0.1Å. In this way, the feature size are 3960=36×55×2×1,
7920=36×55×2×2 and 11880=36×55×2×3 for HPC, HWPC and
combined-HWPC respectively. The parameter setting for GBT is as
follows.

No. of Estimators Learning rate Max depth Subsample

40000 0.001 9 0.7

Min_samples_split Loss function Max features Repetitions

2 Least square SQRT 10
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Results

HPC HWPC2.5 HWPC10 HWPC(2.5+10)

PDBbind2007 0.813(1.423) 0.823(1.418) 0.827(1.395) 0.829(1.403)

PDBbind2013 0.770(1.508) 0.780(1.498) 0.779(1.486) 0.784(1.483)

PDBbind2016 0.810(1.359) 0.825(1.322) 0.825(1.324) 0.831(1.307)

Dataset 2007

Dataset 2013 Dataset 2016

HPC/HWPC 
+ 

GradientBoostingTree

Figure: Comparison of our model with other traditional models
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Thank You
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